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Abstract
In this article we provide a multidimensional version of Nazarov’s extension of Turán’s lemma—a result
in which the uniform norm of a complex-valued polynomial, p, on the unit circle T is compared with the
uniform norm of p on any measurable subset of T. If we let Tn := T × · · · × T represent the distinguished
boundary of the polydisk Dn := D × · · · × D for n ∈ N and D the open unit disk then, as in the one
dimensional case, the constant which relates the uniform norm of p on Tn to the uniform norm of p on any
measurable subset E of Tn depends on the order of p and the measure of the set E.
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1. Introduction
Let T denote the unit circle and D the open unit disk. Let p : T → C be the polynomial deﬁned
by p(z) := ∑mk=0 ckzrk for ck ∈ C\{0} and r0 < r1 < · · · < rm ∈ Z, so that the order of p,
i.e., the number of non-zero coefﬁcients of p, is m + 1. Also, for any subset S of T deﬁne the
norm of p on S to be ‖p‖S := supz∈S |p(z)|. Let  represent the normalized Lebesgue measure
on T.
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Nazarov’s extension of Turán’s lemma is the following:
Theorem 1 (Nazarov [2,3]). Let E be any measurable subset of T with (E) > 0. Then
‖p‖T
(
14
(E)
)m
‖p‖E.
In contrast to Turán, who assumed E to be an arc of T, Nazarov generalized Turán’s original
result [5] by considering the set E to be any measurable subset of T.
Theorem 1 is interesting in that we can gain information about the maximum modulus of p on
T by only knowing the maximum modulus of p on E ⊆ T. Of course, if the measure of E is
small, the constant term
(
14
(E)
)m
is large, thus making the upper bound less precise; we should
not expect to gain explicit bounds for ‖p‖T if we are only given information about the maximum
value of p on a very small subset of T.
It is also interesting to note that the constant
(
14
(E)
)m
depends on the order of p rather than the
degree of p. It is easier to prove this lemma in the case that p is of degree m, rather than of order
m + 1 [1].
2. Multidimensional result
In this paper, we would like to prove a multidimensional version of Nazarov’s extension of
Turán’s lemma. Before doing so, we must introduce the following standard multivariate notation
[4]: letTn := T×T×· · ·×T be the distinguished boundary of the polydiskDn := D×D×· · ·×D
and deﬁne z ∈ Tn by z := (z1, . . . , zn) ∈ Tn.
In order to deﬁne a polynomial p : Tn → C, let the index k of the polynomial be given
by k = (k1, . . . , kn) for 0kimi, mi ∈ Z+. Let the exponents rk of z be deﬁned by rk =
(r1,k1 , r2,k2 , . . . , rn,kn) where ri,0 < ri,1 < · · · < ri,mi ∈ Z. Deﬁne zrk := z1r1,k1 z2r2,k2 · · · znrn,kn
and let c(k) be non-zero coefﬁcients in C. We deﬁne the polynomial p : Tn → C by p(z) :=∑
k c(k)z
rk
. So, for example, in the case that n = 2, p has the form
p(z1, z2) =
m2∑
k2=0
m1∑
k1=0
ck1,k2z1
r1,k1 z2
r2,k2 .
Let  be the normalized Lebesgue measure on Tn and deﬁne the uniform norm of p on any
subset S of Tn to be ‖p‖S = supz∈S |p(z)|. The following is a multidimensional version of
Nazarov’s extension of Turán’s lemma:
Theorem 2. Let p(z) :=∑k c(k)zrk . If E ⊆ Tn is a measurable set with (E) > 0, then
‖p‖Tn
(
14n
(E)
)m1+m2+···+mn
‖p‖E.
Proof. We will proceed using induction on the dimension n. Due to Theorem 1, it has already
been shown that the base case, n = 1, is true. Assume that the theorem holds for all nj for
some j ∈ Z+. We wish to prove that the result holds in the case n = j + 1.
Assume E ⊆ Tj+1 is a measurable set with positive measure and let p : Tj+1 → C be deﬁned
by p(z) :=∑k c(k)zrk . For any z ∈ T deﬁne Ez := {(z1, . . . , zj ) ∈ Tj : (z1, . . . , zj , z) ∈ E}.
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DeﬁneB := {z ∈ T : (Ez) (E)C }whereC := j+1j , so that if z ∈ B, then themeasure ofEz is
bounded away fromzero, and say that‖p‖Tj+1 := |p(w1, . . . , wj+1)| for some (w1, . . . , wj+1) ∈
Tj+1. Then by applying Theorem 1 to the polynomial p(w1, . . . , wj , z) and the set B we get that
‖p‖Tj+1
(
14
(B)
)mj+1
sup
z∈B
|p(w1, . . . , wj , z)|.
Therefore, given any  > 0, there exists some z∗ ∈ B for which
‖p‖Tj+1
(
14
(B)
)mj+1
(|p(w1, . . . , wj , z∗)| + ).
By assumption, we may also apply Theorem 2 to the polynomial p(z1, . . . , zj , z∗) and the set
Ez∗ ⊆ Tj . This gives us that
sup
(z1,...,zj )∈Tj
|p(z1, . . . , zj , z∗)| 
(
14j
(Ez∗)
)m1+m2+···+mj
sup
(z1,...,zj )∈Ez∗
|p(z1, . . . , zj , z∗)|

(
14j
(Ez∗)
)m1+m2+···+mj
‖p‖E
since (z1, . . . , zj , z∗) ∈ E for (z1, . . . , zj ) ∈ Ez∗ .
By combining these two results and taking the limit as  approaches zero, we have
‖p‖Tj+1
(
14
(B)
)mj+1 ( 14j
(Ez∗)
)m1+m2+···+mj
‖p‖E. (1)
Therefore, in order to complete the proof we must ﬁnd lower bounds for (Ez∗) and (B) in terms
of (E).
Note
(Ez∗)
(E)
C
since z∗ ∈ B. Let BC denote the complement of the set B. By considering the geometry of the set
E, and the maximum values that (Ez) can take for any z ∈ B and for any z ∈ BC respectively,
we get that
(E)  (B)(1)j + (BC) · (E)
C
 (B) + (E)
C
.
This implies that
(B)(E)
(
C − 1
C
)
.
Plugging in these estimates for (Ez∗) and (B) in (1) and using the fact that C = j+1j gives us
‖p‖Tj+1
(
14(j + 1)
(E)
)m1+m2+···+mj+1
‖p‖E,
which completes the proof. 
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Surprisingly, in contrast to the univariate version of this theorem, in higher dimensions the
exponent m1 + m2 + · · · + mn on the constant relating the two norms of p, is much smaller than
the order (m1 + 1)(m2 + 1) · · · (mn + 1) of the polynomial.
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